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REDSHIFT FOR MASSIVE PARTICLES
J. MUN˜OZ-DI´AZ AND R. J. ALONSO-BLANCO
Abstract
On each FRW metric, there exist a redshift for massive particles, analogous to that of photons,
but depending on the mass. This is a simple consequence of the fundamental laws of Classical
Mechanics.
Let us consider a manifold M = R×M endowed with a metric
T2 = dz
2 − a(z) T 2
where z is the “cosmological time” and T 2 is a Riemannian “spatial metric” on M .
The Liouville form on TM associated with T2 is
θ = z˙ dz − a(z) θ
where θ is the Liouville form on M associated with T 2.
The function on TM associated with the horizontal 1-form θ (see [2]) is
θ˙ = z˙2 − a(z) θ˙
which is 2 times the “kinetic energy” T .
Let D be the geodesic field on TM associated with the metric T2. The mechanical system
(M,D) is conservative with Lagrangian
L = T =
1
2
θ˙.
In general, each tangent vector field u on a manifold M determines a function on T ∗M , defined
by
pu := 〈θ, u〉
(inner contraction), where θ is the Liouville form moved to T ∗M (by means of the metric). The
function pu is the momentum associated with u. When M is the configuration space of a conserva-
tive mechanical system (M,T2, dU), with Lagrangian L = T − U , the evolution of the momentum
function pu is given by the Hamilton-Noether Equation (see [2], p.80, [1]):
Dpu = δuL,
where δu is the infinitesimal variation defined by u (see [2]).
In our case, we take u = grad z = ∂/∂z (so that δu is also ∂/∂z) and denote the momentum
associated by p0:
p0 = 〈θ, ∂/∂z〉 = z˙.
The Hamilton-Noether Equation along each geodesic is
dp0
dt
(= Dp0) =
∂
∂z
(
1
2
θ˙
)
= −
1
2
a′(z) θ˙.
Here, t is the parameter of the geodesic, which in our case equals the proper time (see [3]).
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Multiplying by
dt/dz = z˙−1 = p−1
0
we obtain from the above,
dp0
dz
= −
1
2
a′(z)
θ˙
p0
.
For light trajectories is θ˙ = 0, so that, θ˙ = z˙2/a(z) = p2
0
/a(z), and we get
dp0
dz
= −
1
2
a′(z)
a(z)
p0,
or,
dp0
p0
+
1
2
da
a
= 0,
which gives
p0 = const. a(z)
−1/2.
Because the “radius of the Universe” R is ∝ a(z)1/2 we have
p0 ∝ R(z)
−1,
which is the classical law for the redshift of the light.
Let us consider now a geodesic into the mass-shell θ˙ = µ, µ > 0. The Hamilton-Noether
Equation (or, alternatively, the Geodesics Equations) gives, along each geodesic
dp0
dz
= −
1
2
a′(z)
θ˙
p0
= −
1
2
a′(z)
1
p0
(
p2
0
− µ
a(z)
)
.
The general solution of the above differential equation is
(p2
0
− µ) a(z) = const.
By substituting µ by its value on a given geodesic, µ = θ˙ = p2
0
− a(z)θ˙, we get θ˙ a(z)2 = const.,
or,
(0.1) θ˙ = const. a(z)−2.
That is the law of redshift for the “kinetic energy” on the spatial manifold M of a particle
moving along a geodesic on M .
For a light trajectory is
p2
0
= a(z) θ˙,
and the general rule (0.1) gives again
p0 ∝ a(z)
−1/2.
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